Abstract-Transformation optics is a convenient way to control the pattern of electromagnetic fields. In this paper, using a novel transformation, we propose the design procedure of a horn antenna having low backlobe and sidelobe levels in its E-plane. By applying conformal transformation, the rectangular horn proposed in this paper can be realized with isotropic materials. This proposed antenna can be easily implemented by both ordinary dielectric materials and isotropic graded refractive index (GRIN) materials. In the first proposed design, in addition to the isotropy, homogeneity is furthermore introduced into the horn, and only four kinds of isotropic materials are required throughout. In the second design, it is demonstrated that the designed structure can also be implemented by graded photonic crystals (GPCs) operating in metamaterial regime. They have low loss as well as broad frequency band and are easy to implement. Simulation results are presented to validate the design approach.
INTRODUCTION
Horn antennas have been improved considerably by incorporating technological advances over the past few decades [1] . The conventional rectangular horn antennas have high sidelobes in their E-plane (on-axis plane containing the E field vector), which is a result of the uniform electric aperture field distribution in this plane.
Some efforts have been made to reduce the sidelobe levels of horn antennas [2] [3] [4] [5] [6] [7] [8] [9] . State-of-theart techniques for implementing horn antennas having low sidelobe levels are corrugating the interior surfaces [2] [3] [4] , which yields a structure more bulky and difficult to fabricate, applying longitudinal metallic vanes or trifurcations inside the horn to step the electric field in the E plane [5] , using optical ray technique [6] , employing dispersion engineering of metamaterial properties [7] , and design of metasurfaces [8] to taper the aperture distribution. A new technique was recently proposed, which uses transformation optics [9] in order to design a horn antenna with low H-plane sidelobes.
Transformation optics (TO) offers a great opportunity to control the field distribution by assigning material spatial properties. This technique is based on the fact that the form of Maxwell's equations remains unchanged under coordinate transformation [10] [11] [12] if the elements of constitutive tensors (the electric permittivity and magnetic permeability) are expressed as a function of space coordinates. It means that by applying the coordinate transformation to the constitutive tensor in a manner suggested by the form invariance of Maxwell's equations [13] , the medium characteristics are obtained, and then by realizing these constitutive parameters in the new coordinate, the behavior of the electromagnetic waves would be the same as that of EM waves in the original coordinates. Therefore, transformation optics can be an effective way for controlling the EM wave.
Constitutive parameters obtained by TO are usually very complicated and cannot be realized easily [13, 14] . That's why the first implementation of r and μ r tensors obtained by TO, was achieved only recently [15, 16] . Metamaterials are the prominent candidate for realizing these complicated constitutive parameters. A wise combination of TO and metamaterials offers great opportunities to design novel electromagnetic devices. Cloaks [17] [18] [19] [20] [21] , bends and waveguide connectors [22] [23] [24] [25] [26] , concentrators [27] [28] [29] , and new types of lenses and antennas [30] [31] [32] [33] [34] [35] [36] are some examples of such innovative components. Anisotropic, inhomogeneous [37] and even materials with negative constitutive parameters [38] are among media, which can be realized using metamaterials. Furthermore, incorporating magnetic resonators, such as split ring resonators [39] or metallic parallel plates [40] , into the metamaterial is often used for realizing negative permeability. However, these metamaterials usually suffer from limited bandwidths of operation and intrinsic losses. As a result, obtaining devices with acceptable performance using TO remains still a challenging issue.
Recently, Pendry and Li have suggested a method which relies on optimization techniques [41] in order to make the realization of constitutive parameters much easier. According to this method, it is enough to accomplish refractive index of the material instead of realization of both r and μ r separately. Also, it may be possible to achieve an isotropic medium by applying conformal transformation [42, 43] . This way, the material could be realized only with natural dielectrics, and not only it would be much easier to implement, but also the problem of bandwidth limitation is removed.
In this paper, a novel transformation is presented which results in the design of a nonmagnetic and isotropic pyramidal horn antenna having low sidelobes and backlobes in its E-plane. In addition to the isotropy, in our first design, homogeneity is furthermore introduced into the antenna, and only four kinds of isotropic materials are required throughout. In our second design, we also use a graded photonic crystal to realize refractive index of the original inhomogeneous material. This design, which results in low loss and wide frequency band, is based on air holes drilled on a homogeneous dielectric material. Compared to the previous horn antennas with low sidelobes [2] [3] [4] [5] [6] [7] [8] [9] , our designs are less demanding, which are thus easier to realize. Therefore, our approach provides a more advantageous recipe for the practical realization of pyramidal horn antennas with low E-plane sidelobes based on coordinate transformation. The simulation results of the designed antenna are also presented.
DESIGN OF THE HORN ANTENNA WITH LOW SIDELOBES
In pyramidal horn antennas, nearly uniform distribution of electric aperture field in the E-plane results in high sidelobe levels in this plane. Furthermore, studies have shown that the main source of backlobes is the field diffracted by the E-plane edges.
Squeezing field distribution in the E-plane of the horn antenna forces the electric field components normal to the E-plane walls to zero. As a result, the illumination from E-plane walls is decreased, and reduction in sidelobe levels and backlobe levels in the E-plane would simultaneously be achieved. To realize this idea, we employ optical conformal transformation. The main advantage of conformal mapping is that the obtained media is isotropic, so it can be implemented by ordinary dielectrics.
In this work, WRD250 horn antenna is used with WR187 as its input waveguide. The dimensions of the 3D structure are shown in Fig. 4 .
Based on the size of the horn antenna, we consider the left quadrilateral in Fig. 1 as the virtual space in which a = 2.21488 cm, b = 21.5 cm, and L = 32.5 cm. This figure is mapped conformally to a physical space with a = 2.21488 cm, b = 15 cm, and L = 25.5 cm. b and L have been selected in a way that the conformal module (M ) of the horns in both virtual and physical spaces is the same.
According to the Riemann mapping theory, a conformal transformation that maps the vertices A, B, C, and D onto the corners A , B , C , and D (Fig. 1) respectively, always exists. In order to simplify the mapping from virtual space to physical space, a rectangle with the same conformal module (M ) is considered as an intermediate region. Since only one parameter varies along each side of a rectangle, determination of the conformal mapping is reduced to solving Laplace's equations subject to boundary conditions by a normal PDE solver [43] . For convenience, we have applied TO in a two-dimensional problem with incident transverse magnetic (TM) field resembling the E-plane of a real horn antenna excited by T E 10 mode. The notations (ξ, η), (u, v) , and (x, y) indicate the Cartesian coordinates in the virtual, intermediate, and physical space, respectively. In the first step, the virtual space is mapped into the intermediate space. The mathematical description of this transformation is characterized by the Jacobean matrix Λ defined by Λ ii = Jacobian matrix elements should satisfy Cauchy-Riemann conditions everywhere in the virtual domain:
(1) Employing partial differentiation on both sides of these equations, the following Laplace's equations for analytical functions u(ξ, η) and v(ξ, η) are achieved:
2) The mapping Jacobean matrix Λ can be obtained by solving Laplace's Equations (2) in the virtual domain subject to the boundary conditions along the four straight lines of the rectangle (ξ = 0, a and η = 0, Ma).
Once the Jacobean matrix Λ is acquired and the field polarization is taken into account, the properties of the intermediate medium can be calculated by:
where μ r is the permeability of the original domain. Equation (3) represents that the conformally transformed medium is an isotropic material. The derivation of this equation and its general form for the transformed media are presented in [12] . Considering that the intermediate domain is a rectangle, Equations (2) can be solved separately by the following standard Neumann and Dirichlet boundary conditions:
(5) where vector n is the outward normal to the surface boundaries and the conformal module M is obtained by M =( , v) ), the refractive index in the physical space is obtained by:
COMSOL Multiphysics 3.5 is used to solve Laplace's equations in each of the above steps. The distribution of the refractive index in physical space is shown in Fig. 2 . It should be noted that in order to decrease the reflection coefficient, a continuation of the refractive index profile is proposed to match the obtained inhomogeneous refractive index distribution to the refractive index of air, as shown in Fig. 2 . If the designed transformation material is placed in the original antenna, it can be seen that the EM waves are compressed into a smaller space. Therefore, this refractive index profile forces the electric field components normal to the E-plane walls to zero (Fig. 3) . As shown in Fig. 2 , the refractive index varies between 0.903 and 1.694. Therefore, the resulted medium is a dispersive material. To realize these values, metamaterials, which are usually resonant structures, can be used. In order to have a non-dispersive antenna and large bandwidth, it is preferable to replace all indices smaller than unity by 1. This approximation leads to an acceptable reduction in antenna performance.
The obtained refractive index distribution requires magnetic permeability realization. Since most accessible natural materials do not have a strong magnetic response, it is usually hard to implement a magnetic material with an arbitrary permeability distribution.
To overcome this issue, we employ the reduced parameter approximation [45] . According to this approximation, if one requires only that power follows through the desired paths, then only the refractive index is needed to be controlled in the material. The reduced parameter approximation does this by setting μ red = 1, to facilitate the material fabrication, and red = μ, to maintain the refractive index profile in the material. After employing these refinements, for the practical realization of the design, normal dielectrics, or dielectric rods with spatially varying radii [46] can be used. They have low loss, wide frequency band and are easy to implement. In this work, in addition to using dielectrics to realize this refractive index distribution, the method presented in [46] is also applied, which is a general technique to realize isotropic GRIN media by two-dimensional graded photonic crystals.
IMPLEMENTATION OF THE HORN ANTENNA WITH LOW SIDE LOBE LEVELS USING DIELECTRIC MATERIALS
In this section, in order to illustrate the feasibility of the proposed antenna, the full-wave simulations are performed using HFSS. First, as fields are compressed as seen in Fig. 3 , it can be inferred that the materials in the corners do not have a noticeable effect on the field distribution. Hence, we put the refractive index of all corner sections equal to 1.4, which is the refractive index of their neighbouring material. Therefore, as illustrated in Fig. 2 , the refractive index values of the designed antenna would be between 1 and 1.4. In this step, an appropriate division of the original refractive index distribution shown in Fig. 2 , is achieved by using COMSOL Multiphysics 3.5. According to this division the designed antenna can be implemented with only four types of isotropic materials. This designed antenna is demonstrated in Fig. 4 . The E-plane radiation patterns of a hollow horn antenna and the designed horn antenna are compared in Fig. 5 . As it can be seen, the first sidelobe level and the backlobe level (in the E-plane) have been reduced about 25 dB and 15 dB, respectively. It is clearly observed in Fig. 6 that the electric field distribution have been gradually reduced to zero at the top and bottom walls of the C-band rectangular horn antenna by applying the designed refractive index.
(a) (b) Figure 6 . Electric field distribution in the E-plane of (a) the hollow horn antenna and (b) the designed horn antenna .
As shown in Fig. 7 , the H-plane radiation patterns of the hollow and the designed horn antennas with four dielectric materials are approximately the same while the backlobe level is improved. The simulated patterns of the designed antenna at 5 GHz and 4 GHz are represented in Fig. 8 . These simulated results demonstrate that the proposed method reduces the E-plane sidelobe level of the antenna at 4 GHz and 5 GHz about 14 dB and 20 dB, respectively. 
IMPLEMENTATION OF THE HORN ANTENNA USING GRADED PHOTONIC CRYSTALS
In this paper a graded photonic crystal (GPC) is used for implementation of the obtained refractive index distribution. GPCs consist of dielectric rods with spatially varying radii. They can be described with spatially varying effective index, so they can be regarded as low-loss broadband graded dielectric metamaterials. The Maxwell-Garnett effective medium theory is used to calculate the rods radii [46] . The designed non-dispersive refractive index distribution is approximated by a discrete form. In this form, each ij-cell is a square of side d = 7.5 mm with the refractive index (n(x i , y i )) of n ij . For TM polarization, the rods radii can be calculated using [46] :
In this work, in order to implement the designed index profile (n min = 1, n max = 1.4), an array of air holes shown in Fig. 9 are generated by drilling in Teflon (a homogenous dielectric material) with refractive index equals to 1.41 ( host = 2 and rod = 1). Teflon with refractive index equals to 1.41 is selected as a substrate, so that, as shown in Fig. 9 , the holes created in the top part of the horn antenna with refractive index (n) 1.4, can be omitted. Simulation result, which is performed by CST, is demonstrated in Fig. 10 . It can be seen that the first sidelobe level is less than −30 dB and backlobe level is −10 dB. The comparison between Fig. 5 and Fig. 10 reveals that the gain of the metamaterial antenna realized with GPCs is about 0.7 dB more than that of the designed antenna with discrete dielectric sections. A very good return loss as shown in Fig. 11 is also achieved over the entire 4-8 GHz band. Figure 9 . Implementation of the profile with the graded photonic crystals. Figure 10 . E-plane radiation patterns of the hollow horn antenna (blue) and the designed horn antenna using GPCs (red) at 7 GHz. Figure 11 . Return loss of the horn antennas implemented with dielectric materials (red) and with graded photonic crystals (green).
CONCLUSION
In conclusion, we have proposed an advanced optical conformal transformation that uses homogeneous, isotropic, nonmagnetic materials to decrease the E-plane backlobe and the E-plane sidelobe levels of a pyramidal horn antenna. The simulation results demonstrate that the sidelobe and backlobe levels of the designed antenna have been reduced about 25 dB and 15 dB in the E-plane, respectively. This noticeable reduction in sidelobe levels and backlobe levels is achieved by compressing the electric field in the E-plane of the horn antenna using transformation optics. In this paper, both ordinary dielectrics and graded photonic crystals having wide bandwidth and low loss are used for the design implementation.
The simulation results illustrate high performance of the proposed metamaterial antenna, which is easily realizable, in a wide frequency range. By applying this method on different pyramidal horn antennas, considerable reduction in their E-plane backlobe and sidelobe levels would be achieved.
